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Abstract
In the present paper a new thermodynamically consistent cohesive interface model is proposed; it based on a predeﬁned Helmhotz
free energy with a single scalar damage variable and produces two independent fracture energies, in pure mode I and pure mode
II debonding conditions. The proposed model can also take in to account the frictional eﬀects with a smooth transition of the
mechanical behaviour, from the initial cohesive one of the sound material, to the frictional one of the fully debonded interface. The
cohesive-frictional behaviour is based on the mesoscale geometric interpretation of the scalar damage variable, which distinguish
sound and debonded fractions of a representative surface element of the interface. The proposed formulation is deﬁned by a
damage activation function, which depends on the separation displacement. Traction components, damage evolution and the
relevant constitutive equations are derived by following the classical Noll and Coleman procedure, and the model implicitly verify
the second thermodynamic law by proving that dissipation is non-negative for any loading path. The numerical simulations of
mixed mode delamination tests are performed and compared to the experimental results, for diﬀerent mixed mode ratio.
c© 2015 The Authors. Published by Elsevier Ltd.
Peer-review under responsibility of the Gruppo Italiano Frattura (IGF).
Keywords: Delamination, Fracture, Mode II, Interface, Friction.
1. Introduction
Since the pioneering work of Dugdale and Barenblatt [1,2] Cohesive Zone Models (CMZs) represented a powerful
numerical tool and several constitutive models have been proposed in literature. Special attention has been focused on
the assessment of existing interface constitutive models under mixed mode delamination condition, especially from
the thermodynamic point of view.
In [3] four constitutive model are analyzed in order to evaluate their response under mixed mode debonding process
and whether they are consistent both in terms of stress and in terms of energy dissipation. In [3] the authors show that
the CZMs proposed in [5–7], under speciﬁc mixed mode delamination conditions, can produce physically inconsistent
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results. On the contrary, response of the model proposed by van den Bosch [4] results to be coherent with experimental
one. Conversely, van den Bosch model is not based on a potential function and it is not thermodynamically consistent.
Moreover, an unloading law, diﬀerent than the loading one, is not explicitly deﬁned and energy dissipation can not be
evaluated. In such model two independent laws are deﬁned respectively for the tangential traction component and for
the normal one and, as already stated in [8], symmetry requirement of the tangent stiﬀness matrix is not satisﬁed.
In [11], authors show that, for material with mode II fracture energy greater than mode I fracture energy (GII > GI),
the potential based Xu-Needleman model [10] produces work of separation WT in a mixed mode loading paths which
is WT > GII > GI . Analogously, whenGII < GI , the separation work in a mixed mode loading path results WT < GII <
GI . Such results are in disagreement with experimental evidence (see [12]), and the behaviour produced by the Xu-
Needleman model [10] under mixed mode debonding condition, can be considered physically inconsistent. In [11],
the authors propose a potential-based cohesive zone model for mixed-mode fracture, which is deﬁned as a particle
debonding potential at the atomistic level. The model is based on a unique potential which is function of both normal
component and tangential component of the separation displacement. The constitutive model produces physically
consistent behaviour, with work of separation WT , under mixed mode debonding condition, which is GI > WT > GII
when GI > GII and GI < WT < GII when GI < GII .
In Dimitri et al [3], authors derive the van den Bosch model [4] from a Helmholtz free energy functional. The same
tangential and normal traction components proposed in [4] are rigorously derived by applying the Noll and Coleman
[9] procedure. The proposed model is thermodynamically consistent and is deﬁned by four scalar damage variables.
In [14] a thermodynamic consistent cohesive frictional model with diﬀerent mode I and mode II fracture energies
is presented. Damage evolution is governed by one scalar equivalent displacement and the authors argue that the
dissipation performed by the modeled damaging phenomenon, which is equal to the separation work, in pure mode I
(GI) and in pure mode II (GII) are coincident, that is GI = GII . Moreover, the authors state that the greater mode II
fracture energy GII with respect to GI , experimentally observed, is due only to only the frictional eﬀects.
The frictional eﬀect on the the mode II dissipation energy has been analyzed under increasing cycling load in [15]
by the cohesive-frictional interface model proposed in [16].
In the present paper a new thermodynamically consistent CZM with two diﬀerent fracture energies in mode I and
in mode II is proposed. It represents the evolution of the interface model developed by Parrinello et al in [16], whose
main limit is that it produces a unique separation work, excluding the presence of frictional eﬀects, independently
of the debonding condition. The model is based on a predeﬁned Helmhotz free energy with a single scalar damage
variable and it can also take in to account the frictional eﬀects with a smooth transition of the mechanical behaviour,
from the initial elastic one of the sound material, to the fully debonded behaviour with frictional residual strength.
The cohesive-frictional behaviour is based on the mesoscale interpretation of the scalar damage variable, previously
proposed in [16,17].
The proposed formulation is deﬁned by a new damage activation function, which depend, over than the energy
release rate, also on the opening displacement considered as a parameter. Traction components, damage evolution and
the relevant constitutive equations are derived by following the classical Noll and Coleman procedure [9]. The model
implicitly verify the second thermodynamic law by proving that dissipation is non-negative for any loading path. The
paper is organized as follows: the proposed model is presented in section 2; in section 3, constitutive behaviour under
pure mode I and pure mode II is shown; in section 4, numerical simulations of some delamination tests, developed in
[12], are performed and results are compared with the experimental ones; conclusions are proposed in section 5.
2. The cohesive-frictional model
Representative Surface Element (RSE) of interface is plotted in Fig.1 with the tangential and normal axises (T,N),
where t+ and t− are tractions respectively on positive edge and on negative edge. Interface equilibrium condition
impose t = t+ = t−. From the kinematic point of view, u+ and u− are displacement vectors of respectively the positive
edge and of negative edge, and the separation displacement u = u+ − u− measures the interface deformation.
In the damage mechanics framework size of the representative surface element of interface is assumed small com-
pared to the structural sizes and suﬃciently large compared to the material inhomogeneities. The relevant average
damage variable ω is generally deﬁned (see [18]) as the ratio between the area dAd of the debonded portion of RSE
329 F. Parrinello et al. /  Procedia Engineering  109 ( 2015 )  327 – 337 
N
T
+
t+
t
u+
u− u =
u −
u+
−
(1− ω)
dA
ω dA
Fig. 1. Interface Representative Surface Element with the relevant local reference axises (T,N), statics, kinematics of interface and geometric
representation of damage variable ω.
and the whole RSE area dA; that is
ω =
dAd
dA
. (1)
With reference to Fig. 1, interface constitutive model is developed in the same phenomenological framework proposed
in [16], where the damage variable is also considered as a discriminant parameter which governs the transition form
the initial elastic behaviour up to the residual frictional one. At the debonded portion of the RSE, whose area is
dAd = ωdA, the interface edges can mutually transmits only frictional tractions t f ; whereas at the sound RSE portion,
of area dAs = (1 − ω)dA, the two edges are still bonded and they can transmit cohesive tractions tc.
The cohesive-frictional model is developed in a rigorous thermodynamical framework and it is based on the fol-
lowing Helmholtz free energy
Ψ =
1
2
(1 − ω) ue Tc Kcuec +
1
2
ωue Tf K fu
e
f + Ψin(ξ) (2)
where:
• uec = u − upc is the elastic separation displacement of cohesive fraction; the relevant plastic separation displace-
ment is neglected and it is assumed upc = 0;
• uef = u − upf is the frictional elastic separation displacement with upf the relevant plastic displacement jump,
whose components are the frictional sliding and the frictional dilatancy;
• Kc =
⌈
KcN K
c
T
⌋
and K f =
⌈
K fN K
f
T
⌋
are diagonal stiﬀness matrixes respectively of cohesive fraction and of the
frictional one;
• Ψin(ξ) is the internal energy, function of the scalar kinematic internal variable ξ.
The traction separation law is derived by following the Noll and Coleman procedure [9], by derivative of the
Helmholtz energy in eq.(2) with respect to elastic displacements uec and uef , that is
tc = − ∂Ψ
∂uec
= (1 − ω)Kc
(
u − upc
)
= (1 − ω)Kcu (3)
t f = − ∂Ψ
∂uef
= ωK f
(
u − upf
)
(4)
In order to develop suitable evolution equations for damage and plasticity variables, the second thermodynamic
law is employed and dissipation rate is stated as
D = tT u˙ − Ψ˙ = tT u˙ + Yω˙ − tTc u˙ec − tTf u˙ef − χξ˙ ≥ 0, (5)
where:
Y = −∂Ψ
∂ω
=
1
2
uTKcu − 12 (u − u
p)T K f (u − up) (6)
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is the strain energy release rate, conjugated variable of damage ω;
χ(ξ) =
∂Ψ
∂ξ
(7)
is the internal static variable, which governs hardening and softening phenomena in the damage activation function.
For an elastic loading step, where dissipation vanishes (D = 0) and increments of damage, plasticity and internal
variables are zero (ω˙ = 0, ξ˙ = 0, u˙pc = 0 and u˙
p
f = 0), increment of elastic deformations are u˙
e
c = u˙ef = u˙ and, after
substitution, eq.(5) reads
D =
(
t − tc − t f
)T
u˙ = 0. (8)
Since eq.(8) has to be veriﬁed for any elastic loading step u˙, the following internal equilibrium equation is obtained
t = tc + t f (9)
and, through substitution of eq.(3) and eq.(4), the overall interface elastic traction-displacement relation is obtained
t = (1 − ω)Kcu + ωK f
(
u − upf
)
. (10)
Damage evolution is governed by the following yield function
φd (Y, uT , χ) = Y − 12ANu
2
N −
1
2
ATu2T − χ (ξ) − Y0 ≤ 0, (11)
with Y0 > 0 assumed as initial yielding threshold, uN and uT are normal and tangential components of separation dis-
placement, AN ≥ 0 and AT ≥ 0 are constitutive parameters. The relevant ﬂow rules and loading-unloading conditions
read
ω˙ =
∂φd
∂Y
λ˙d = λ˙d,
ξ˙ = −∂φd
∂χ
λ˙d = λ˙d, (12)
λ˙d ≥ 0, φdλ˙d = 0, φ˙dλ˙d = 0,
with λ˙ scalar multiplier.
In [16] damage activation function depends only on the energy release rate Y , producing the same separation
work in pure mode I, in pure mode II and in any mixed mode debonding condition. In the present paper, the new
formulation in eq.(11) is proposed, which depends on the separation displacement as a parameter and it produces
diﬀerent separation work in pure mode I and in pure mode II debonding conditions. Moreover, in eq.(11), only one
of the two parameters AN and AT is active and the following condition is assumed AN · AT = 0, namely: AT ≥ 0
and AN = 0 if mode II fracture energy is assumed greater that mode I energy (GII > GI); AN ≥ 0 and AT = 0 when
GI > GII .
Activation and evolution of plastic displacement components upN and u
p
T is deﬁned in the framework of non-
associtive plasticity theory, and it is governed by the classical Mohr-Coulomb yield function
φp =
∣∣∣tdt ∣∣∣ + α tdN ≤ 0. (13)
and by means of the following plastic potential
Ωp =
∣∣∣tdt ∣∣∣ + β tdn , (14)
where tdn and t
d
t are the components of frictional traction td, α and β, with α ≥ β, are respectively the frictional
coeﬃcient and the dilatancy one. The plastic ﬂow rules and loading/unloading conditions are
u˙pT =
∂Ωp
∂tdT
λ˙p = sgn
(
tdT
)
λ˙p,
u˙pN =
∂Ωp
∂tdn
λ˙p = βλ˙p, (15)
λ˙p ≥ 0, φpλ˙p = 0, φ˙pλ˙p = 0.
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It can be shown that dissipation rate is positive for any nonlinear loading step. When only damage activation
function is attained, that is φd = 0 and φp < 0, damage evolves without any plastic increment (ω˙ > 0, u˙
p
N = 0, u˙
p
T = 0)
and the relevant damage dissipation rate is
Dd = Yω˙ − χξ˙ =
(
Y0 +
1
2
ANu2N +
1
2
ATu2T
)
λ˙d ≥ 0, (16)
which shows positiveness of dissipation rate for any increment of damage.
For a loading step with only plastic activation (φd < 0 and φp = 0) damage increment is null and plastic increments
are given by eqs.(15). The relevant rate dissipation is given by substitution of eqs.(13), (14) and (15) in eq.(5), that is
Dp = tTd u˙
p =
(∣∣∣tdt ∣∣∣ + β tdN) λ˙p > (∣∣∣tdT ∣∣∣ + α tdN) λ˙p = 0, for λ˙p > 0 (17)
which proves that plastic dissipation is positive for any plastic increment.
The total rate dissipation, for a generic loading step, is the sum of the plastic contribution and of the damaging one
D = Dp + Dd ≥ 0 (18)
which is null for any elastic loading step and is positive for any increment of damage or for any increment of the
plastic components, satisﬁng the second thermodynamic law.
The cohesive model is completed by the softening law, which governs the evolution of the static internal variable,
and the initial yielding threshold Y0 in the damage activation function in eq.(11)
χ (ξ) :=
1
2
Ksn(ue)
2
⎡⎢⎢⎢⎢⎢⎣
(
u f
u f (1 − ξ) + ueξ
)2
− 1
⎤⎥⎥⎥⎥⎥⎦ (19)
Y0 :=
1
2
Ksn ue u f (20)
where Kcn is the normal stiﬀness of interface cohesive fraction, ue and u f are limit values of normal separation dis-
placement, respectively, at the elastic threshold and at the unitary damage condition, in a pure pure mode I opening
condition.
In accordance with experimental data, only the case of mode II fracture energy greater then the mode I value
(GII > GI) is analyzed by assuming the following constitutive parameters of damage activation function (11): AN = 0
and AT > 0. Moreover, in order to prevent damage activation under pure compressive stress state, normal stiﬀness
of the cohesive fraction and normal stiﬀness of the frictional fraction are imposed to be equal, that is KcN = K
f
N . In
fact, for a displacement uN < 0 and uT = 0, and with null frictional plastic displacement upc = 0, the relevant energy
release rate is
Y =
1
2
KcNu
2
N −
1
2
K fNu
2
N = 0, (21)
than, damage activation function in eq.(11) is negative and damage does not evolve.
3. Mode I and mode II debonding conditions
In the present section the constitutive behaviour under pure mode I delamination path and constitutive behaviour
under pure mode II delamination path are analyzed.
Due to the assumed non-negative opening displacement (uN ≥ 0), the frictional traction can be neglected as well
as their eﬀect on the separation work and the relevant fracture energies.
The qualitatively response of the interface subjected to a monotonic loading path in pure mode I debonding condi-
tion is represented in Fig.(2) by the solid lines and the qualitatively response under pure mode II debonding condition
is represented by the dashed lines. The two responses are plotted in terms of traction vs separation displacement.
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Fig. 2. Response of Mode I and mode II monotonic loading path
In the pure mode I debonding condition limit elastic displacement u¯eI , fully debonding displacement u¯
f
I and the
maximum normal traction t¯I , respectively are
u¯eI = ue
u¯ fI = u f
t¯I = kcNue,
(22)
whereas, in the pure mode II debonding condition limit elastic displacement u¯eII , fully debonding displacement u¯
f
II and
maximum normal traction t¯II , respectively are
u¯eII =
√
kcN
kcT − AT
ue
u¯ fII =
√
kcN
kcT − AT
u f
t¯II =
√
kcN
kcT − AT
kcTue
(23)
Finally, the mode I fracture energy is
GI =
1
2
kcNueu f (24)
and the mode II fracture energy is
GII =
1
2
kcT u¯
e
II u¯
f
II = GI
kcT
kcT − AT
. (25)
Equation (25) conﬁrms that for AT > 0 mode II fracture energy is greater the the mode I value, GII > GI . Morever, it
can be matematically proved that for any mixed mode debonding condition, total separation work WT is
GI ≤ WT ≤ GII (26)
and it monotonically increases from the pure mode I condition to the pure mode II condition. Several experimental
investigations conﬁrm that fracture energy in mixed mode debonding condition gradually and monotonically increases
from the pure mode I value GI to the pure mode II value GII . Such a result is reported by Benzeggagh and Kenane
in [12], who measured the fracture energy of a unidirectional glass/epoxy composite for six diﬀerent mixed mode
conditions, by the mixed mode bending apparatus developed by Crews and Reeder in [13]. Three of the experimental
tests performed by Benzeggagh and Kenane in [12] are numerically reproduced in the subsequent section and results
are compared with the experimental ones.
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4. Numerical simulations
In [12], Benzeggagh and Kenane performed a set of experimental tests under pure mode I condition, under pure
mode II condition and under mixed mode condition for six diﬀerent mixed mode ratio. The mode I test has been
performed by a Double Cantilever Beam test (DCB) with notched specimen of length L = 150mm, total thickness
2h = 6mm and width B = 20mm. Specimens with diﬀerent initial crack length a0 have been tested in citeBenzeggagh
and the numerical simulation has been performed with the initial crack length a0 = 45mm.
The pure mode II test has been performed by the End Loaded Split test (ELS) with notched specimen of length
L = 75mm, total thickness 2h = 6mm and width B = 20mm. The numerical simulation has been performed with an
initial crack length a0 = 30mm and, in order to evaluate the eﬀect of frictional behaviour, two frictional coeﬃcients
have been considered: α = 0 and α = tan 30o = 0.577.
The mixed mode test has been performed by the apparatus developed by Crews and Reeder in [13], represented in
Fig.(3c). Specimen sizes are: length L = 130mm, width B = 20mm, total thickness 2h = 6mm and initial crack length
a0 = 25mm.
In [12], authors evaluated the total fracture resistance for all the performed tests. The mean value of the evaluated
total fracture resistance is: in pure mode I GIR = 0.4287N/mm and in pure mode II GIIR = 2.9057N/mm.
The numerical simulation tests have been performed by two-dimensional analysis under the plane strain condition,
and orthotropic elastic moduli adopeted for the composite material are reported in Table 1. In order to numerically
produce the same initial elastic stiﬀness of experimental results, longitudinal and tangential moduli have been reduced
of 25% with respect to the experimenatl values. The diﬀerence between experimental and numerical parameters is
probabily due to the fact that elastic moduli have been obtained under tensile test, whereas specimen have been
subjected to bending tests.
Table 1. Elastic orthotropic moduli used in the numerical simulation for the composite material
Ex = 27 150 MPa Ey = 7 950Mpa Ez = 5 400MPa
Gxy = 4 200Mpa Gyz = 2 400MPa Gzx = 2 775MPa
νxy = 0.26 νyz = 0.48 νzx = 0.33
Parameters of the proposed constitutive interface model are reported in Table 2, together with the relevant mode I
fracture energy GI and mode II fracture energy GII . In order to numerically reproduce the DCB test response, Mode
I fracture energy has been set greater than the experimental value. The three loading schemes are represented in the
Figures (3 a, c) with the relevant specimens sizes.
The numerical response of the DCB test, which produces pure mode I delamination, is represented in Fig.(4) in
terms of applied load vs displacement, and the numerical results are compared with the experimental data proposed
by Benzeggagh and Kenane in [12]. Maps of normal stress σx and tangential stress τxy, at the loading condition of
imposed displacement u = 9mm, are plotted respectively in Fig. 7a and in Fig. 7b.
The second numerical simulation reproduces the End Loaded Split test represented in Fig.3b. Fixing conditions
on the numerical simulations reproduce the experimental ones. The numerical response, in terms of applied load vs
displacement, is plotted in Fig.5 and it is compared with the experimental one. A second numerical simulation of the
ELS test has been performed with the aim of evaluating whether frictional behaviour can produces signiﬁcant eﬀects
on such test. The numerical simulation has been performed considering the frictional coeﬃcient α = tan 30o = 0.577
and, as shown in Fig. 5 the results are practically coincident with the frictionless one. Maps of normal stress σx and
tangential stress τxy, at the loading condition of imposed displacement u = 13mm, are plotted respectively in Fig. 8a
and in Fig. 8b.
The last numerical simulation reproduces the mixed mode bending test represented in Fig.3c, for which the mixed
mode ratio is GII/GT = 53%. The numerical response, in terms of applied load vs displacment, is plotted in Fig.6
and it is compared with the experimental one. The numerical response produces neglegible diﬀereces in the peack
load and in the relevat displacement. Moreover, after the deshendig branch, numerical response is very close to the
experimental one. Maps of normal stressσx and tangential stress τxy, at the loading condition of imposed displacement
u = 7mm, are plotted respectively in Fig. 9a and in Fig. 9b.
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Fig. 3. End notched ﬂexural tests: a) DCB test; b) ELS test; c) MMB test.
Table 2. Model constitutive parameters used for the numerical simulations.
Cohesive Parameters
Cohesive normal elastic stiﬀness kcN = 3 333.33N/mm
3
Cohesive tangential elastic stiﬀness kcT = 500 000N/mm
3
Mixed mode parameter AT = 356 650N/mm3
Mode I elastic displ. u¯eI = ue = 5.0 · 10−4mm
Mode I debonding displ. u¯ fI = u f = 1mm
Tensile strength t¯I = 1.666N/mm2
Mode II elastic displ. u¯eII = 7.71 · 10−5mm
Mode II debonding displ. u¯ fII = 0.1543mm
Shear strength t¯II = 38.57N/mm2
Mode I Fracture energy GI = 0.833N/mm
Mode II Fracture energy GII = 2.905 = N/mm
Frictional Parameters
Normal elastic stiﬀness k fN = 3 333.33N/mm
3
Tangential elastic stiﬀness k fT = 25 000N/mm
3
Frictional coeﬃcients α = 0, α = tan 30o = 0.577
Dilatancy coeﬃcient β = 0
The proposed constitutive model, with a unique set of constitutive parameters, is able to reproduce with good
approximation the experimental results of three diﬀerent delamination tests. Moreover, the constitutive model is
thermodynamically consistent and it can also take into account the eﬀect of frictional behaviour on the debonded
zone.
5. Conclusions
In the present paper a new interface constitutive model with independent mode I fracture energy and mode II
fracture energy is proposed. The model is derived by a Helmholtz free energy functional and it is thermodynamically
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Fig. 4. Numerical and experimental responses of the DCB test, in terms of applied load vs displacement
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Fig. 5. Numerical and experimental responses of the ELS test, in terms of applied load vs displacement
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Fig. 6. Numerical and experimental responses of the MMB test, in terms of applied load vs displacement
consistent. Traction laws, damage evolution and the relevant constitutive equations are derived by following the
classical Noll and Coleman procedure, and the model implicitly verify the second thermodynamic law.
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Fig. 7. Maps of stresses of the DCB test at the loading condition of imposed displacement u = 9mm: a) normal stress σx (N/mm2); b) tangential
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Fig. 8. Maps of stresses of the ELS test at the loading condition of imposed displacement u = 13mm: a) normal stress σx (N/mm2); b) tangential
stress τxy (N/mm2)
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Fig. 9. Maps of stresses of the MMB test at the loading condition of imposed displacement u = 7mm: a) normal stress σx (N/mm2); b) tangential
stress τxy (N/mm2)
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The proposed model can also take in to account the frictional eﬀects with a smooth transition of the mechanical
behaviour, from the initial cohesive one, to the frictional one of the fully debonded interface.
Three diﬀerent experimental tests, respectively a DCT test, a ELS test and a MMB test, are numerically reproduced
with a unique set of constitutive parameters and the results are compared with the experimental one, showing good
agreement.
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